We study the dynamics of entanglement of two electron spins in two quantum dots, in which each electron is interacting with its nuclear spin environment. Focusing on the case of uncoupled dots, and starting from either Bell or Werner states of two qubits, we calculate the decay of entanglement due to hyperfine interaction with the nuclei. We mostly focus on the regime of magnetic fields in which the bath-induced electron spin flips play a role, for example their presence leads to appearance of entanglement sudden death at finite time for two qubits initialized in a Bell state. For these fields the intra-bath dipolar interactions and inhomogeneity of hyperfine couplings are irrelevant on timescales of coherence (and entanglement) decay, and most of the presented calculations are performed using the uniform-coupling approximation to the exact hyperfine Hamiltonian. We provide a comprehensive overview of entanglement decay in this regime, considering both free evolution of the qubits, and an echo protocol with simultaneous application of π pulses to the two spins. All the currently experimentally relevant bath states are considered: the thermal state, narrowed states (characterized by diminished uncertainty of one of the components of the Overhauser field) for two uncorrelated baths, and a correlated narrowed state with well-defined value of the z component of the Overhauser field interdot gradient. While we mostly use concurrence to quantify the amount of entanglement in a mixed state of the two electron spins, we also discuss the predicted behavior of currently experimentally relevant entanglement witnesses, and in particular we give results for quantum teleportation fidelity using a partially disentangled state as a resource.
We study the dynamics of entanglement of two electron spins in two quantum dots, in which each electron is interacting with its nuclear spin environment. Focusing on the case of uncoupled dots, and starting from either Bell or Werner states of two qubits, we calculate the decay of entanglement due to hyperfine interaction with the nuclei. We mostly focus on the regime of magnetic fields in which the bath-induced electron spin flips play a role, for example their presence leads to appearance of entanglement sudden death at finite time for two qubits initialized in a Bell state. For these fields the intra-bath dipolar interactions and inhomogeneity of hyperfine couplings are irrelevant on timescales of coherence (and entanglement) decay, and most of the presented calculations are performed using the uniform-coupling approximation to the exact hyperfine Hamiltonian. We provide a comprehensive overview of entanglement decay in this regime, considering both free evolution of the qubits, and an echo protocol with simultaneous application of π pulses to the two spins. All the currently experimentally relevant bath states are considered: the thermal state, narrowed states (characterized by diminished uncertainty of one of the components of the Overhauser field) for two uncorrelated baths, and a correlated narrowed state with well-defined value of the z component of the Overhauser field interdot gradient. While we mostly use concurrence to quantify the amount of entanglement in a mixed state of the two electron spins, we also discuss the predicted behavior of currently experimentally relevant entanglement witnesses, and in particular we give results for quantum teleportation fidelity using a partially disentangled state as a resource.
I. INTRODUCTION
Qubits based on localized electronic spins in semiconductors have been a subject of intense research during the last 15 years. It is now possible to initialize, coherently manipulate, and measure spin qubits based on gated quantum dots (QDs), 1 self-assembled QDs, 2,3 nitrogenvacancy (NV) centers in diamond, 4 and electrons bound to phosphorous donors in silicon. 5 Recently, advances in controlling the coupling between two qubits [6] [7] [8] [9] [10] [11] [12] [13] have led to demonstration of creation and manipulation of entangled states of two electron spin-based qubits.
14,15
Quantum states of a single qubit suffer decoherence due to qubit's interaction with its environment. 16 In many cases the dominant source of decoherence of semiconductor-based spin qubits is their coupling with other spins localized in the material. We focus here on the case in which this bath consists of spins of nuclei [17] [18] [19] [20] of the atoms forming the material in which the qubit is localized, and the electron spin is coupled to the nuclei by the contact hyperfine (hf) interaction. The dynamics of a spin interacting with the nuclear bath is a theoretical problem which is more challenging than many of the model problems encountered in existing literature on entanglement dynamics. [21] [22] [23] The qubit-bath coupling is not necessarily weak in experimentally most interesting parameter regimes, the bath dynamics (caused both by the bath self-Hamiltonian, and by the qubitbath interactions) is most often much slower than the timescale of qubit's decoherence, and the bath evolution can be strongly influenced by the presence and the dynamics of the qubit. All these observations preclude the use of Born-Markov approximation (i.e. the use of Lindblad equation with time-independent coefficients). The decoherence of a single qubit due to such an environment has been a subject of theoretical works employing a wide repertoire of approaches. In experiments, many key predicted features of nuclear-induced decoherence, such as the fast decay of coherence of a freely evolving qubit 6, [54] [55] [56] [57] or oscillatory behavior of spin-echo signal in a QD with a few disctinct nuclei, 58 were observed. The existing level of agreement between experiment and theory allows us to assume that in the case of unstrained III-V QDs (i.e. when the quadrupolar splittings 45, 59 due to spatially inhomogeneous strain are negligible) the microscopic description of the system is given by the Hamiltonian of contact hf coupling between the qubit and the bath spins, with the dipolar intra-bath coupling 26, 29, 31 playing a role only at long timescales.
A pure entangled state of two qubits cannot be written as a tensor product of two pure single-qubit states, it has to be a superposition of at least two such product states. 60 As such it is expected to be at least as fragile as superpositions of single-qubit states when coupling with the environment is considered. Initially maximally entangled pure state evolves into a mixed, partially entangled state, 22, 23 and the degree to which the state exhibits non-classical features (e.g. breaking of Bell inequalities) or to which it overperforms classically correlated states at some tasks (such as quantum teleportation) is diminished. We are interested here in the dynamics of this entanglement decay process for two spin qubits interacting with nuclear baths.
We consider two localized electron spins (denoted by
A and B) playing the role of qubits, each of which can be coherently controlled and read out. The main example here is the system of two electrons, each localized in a separate QD. The spins can then be initialized, controlled, and read out by either electrical 1,12,13 or optical 2,3 means, and the exchange interaction between spins in adjacent QDs, which was proposed years ago as means of entangling them, 61 can be controlled by tuning the gate voltages. The entanglement between distant QDs can be established by starting with an entangled state involving two proximal qubits, and then applying SWAP gates between consecutive pairs of dots along a chain. There are also theoretical proposals of methods allowing for longrange qubit-qubit coupling. [62] [63] [64] We focus on the case of III-V quantum dots, for which the hf-induced decoherence is unavoidable (since there are no nuclear spin free isotopes of Ga, As, and In), and the experiments are often done at moderate magnetic fields (say B < 0.5 T in GaAs).
In this work we give a fairly detailed picture of entanglement dynamics of two electrons located in two uncoupled (possibly distant) QDs. Since the ability of the nuclear bath to cause electron spin flips is suppressed at finite magnetic fields, in the large field limit the influence of the bath amounts to pure dephasing, and calculation of entanglement decay of Bell states of uncoupled qubits becomes then a simple task involving only multiplying the known formulas for decaying single-qubit coherences. We focus thus on a more interesting (and experimentally relevant for gated GaAs QDs) regime of moderate magnetic fields, at which the electron-nuclear flip-flops influence visibly the entanglement dynamics, and the entanglement decay timescale is such that the effects of intra-bath dipolar interactions [29] [30] [31] and the spatial inhomogeneity of hf couplings can be neglected (see the comparison between hf-only calculations 38, 39 and single qubit Hahn echo experiments done in this field regime 58 ). We consider experimentally relevant states of the nuclear environments (thermal or narrowed, uncorrelated and correlated), and calculate the dynamics of two-spin entanglement both in the case of free evolution, and for the case of the two-spin echo protocol (which was employed in two recent experiments 14, 15 in which entanglement of spin-based qubits was demonstrated). As the initial states of the two electron spins we take the family of Bell-diagonal states, including the pure Bell states and the Werner state. We discuss the decay entanglement in all these cases using concurrence 65 as means of quantification of amount of mixed state entanglement, but after establishing the general picture of the nature of disentanglement in all these cases, we discuss the timedependence of other measures of two-qubit entanglement. Specifically, we discuss the decay of expectation values of easy-to-implement (for certain spin qubit systems) entanglement witnesses, 66, 67 and in particular we briefly describe the performance of the quantum teleportation protocol [68] [69] [70] [71] in which a partially disentangled state is used as a resource.
Let us discuss briefly the relation of this paper to existing theoretical works on entanglement dynamics of electron spins interacting with nuclear spin baths. Decay of two-qubit entanglement in a high-temperature nuclear bath at large B fields was discussed in Ref. 72 . In Refs. 73 and 74 the focus was on coupled qubits (nonzero exchange interaction J between the two electron spins), and magnetic field B was assumed to be zero. Here we consider uncoupled spins (J = 0) and focus on B = 0 (with most attention devoted to regime of fields larger than the typical Overhauser field generated by the coupling to the nuclei). In two recent works 75, 76 both entanglement and more general quantum correlations were considered for two uncoupled spin qubits freely evolving at finite B fields, and interacting with thermal nuclear baths. Here we consider other bath states (narrowed, correlated), and we also calculate the entanglement dynamics under application of the spin echo protocol.
Often the two QDs are situated one next to another in a double quantum dot (DQD) configuration. It is then possible to turn on the exchange coupling between the spins, 6 and in many experiments such a DQD system was operated not as a pair of single-spin qubits, but as a host for a single logical qubit existing in total S z = 0 subspace of the four-dimensional Hilbert space of two spins. The decoherence of the DQD-based singlet-triplet (S-T 0 ) qubit could be viewed as disentanglement of a state of two single-spin qubits, since the relevant singlet and triplet states correspond to |Ψ ± Bell states of the two spins. Of course, the fact that in the experiments on S-T 0 qubits only states from subspace spanned by |Ψ ± are controlled explains why this point of view has not been stressed in literature. However, the decay of a |Ψ − state (i.e. the decay of overlap of the decohered state with |Ψ − , called "singlet return probability" in many experimental works) in coupled 77 and uncoupled 6, 58 DQDs is well understood theoretically. For decay at large J see Ref. 28 , while the echo sequence for uncoupled QDs, with π pulse provided by the two-qubit exchange gate, is considered in Ref. 42 , in which theory of Refs. 38 and 39 is re-derived from a distinct point of view and applied to the S-T 0 case. The dephasing of superpositions of S and T 0 states due to interaction with the nuclear bath was also considered theoretically for coupled dots in Refs. 46 and 78 (note that the superposition of S and T 0 can correspond to an entangled or a separable state depending on the value of the realtive phase, with the simplest example being (|S + |T 0 )/ √ 2 = |↑↓ state which is separable, while (|S +i |T 0 )/ √ 2 is maximally entangled). In recent experiments on dephasing of such a S-T 0 superpositions in DQDs with two 79, 80 and more 81 electrons, the dominant role of charge noise (leading to fluctuations of J) was uncovered, showing that in currently investigated structures the nuclear baths are not limiting the coherence at finite J.
In order to make this paper easy to read for both the practitioners of spin qubit physics, and the researchers who have experience with entanglement dynamics, but have not worked on nuclear bath, we have organized the paper in the following way. Sec. II contains an attempt at a self-contained introduction to the most relevant features of the problem of hf-induced decoherence. It can be safely skipped (or only briefly scanned) by readers familiar with the topic. We note that the parameter regime on which we focus in this paper is discussed in Sec. II C 3. In Sec. III we describe the general features of dynamics (both for free evolution and for two-spin echo case) of the reduced density matrix of two spin qubits interacting with the nuclear spin bath, and we describe the approximation schemes used in this work. Sec. IV contains a short discussion of the issue of quantification of entanglement and calculation of its appropriate measures in the case of two-qubit entanglement. The calculations of two-qubit entanglement quantified by concurrence are presented in the following sections: in Sec. V we show results for the case of the two uncorrelated nuclear baths in thermal equlibrium, while in Sec. VI we consider the case of narrowed nuclear baths (i.e. nuclear environments with a diminished uncertaintity in the value of one of the components of the effective field which the nuclei exert on the electron spin). Both the case of uncorrelated baths (each narrowed separately), and the experimentally relevant for DQDs case of correlated environments (with a well-defined value of the difference of the effective fields generated by the two nuclear ensembles) are considered there. Two-spin echo results are presented in Sec. VII. Finally in Sec. VIII, having previously discussed the general features of time-dependence of the two-qubit density matrix, we consider other ways of detecting and quantifying entanglement: using entanglement witnesses and performing a quantum teleportation protocol, both of which require some prior knowledge about the available mixed entangled state.
II. ELECTRON SPINS INTERACTING WITH NUCLEAR BATHS IN QUANTUM DOTS
A. Hamiltonian of the electron spins and of the spin-bath interaction
The Hamiltonian of the electron spin interacting via contact hf coupling with nuclei in the QD is given bŷ
where Ω = gµ B B is the electron spin Zeeman splitting, in which g is the effective g-factor of an electron in a QD, µ B is Bohr's magneton, B is the external magnetic field, and A k is the hf coupling with the k-th nucleus.
In QDs based on III-V materials multiple kinds of nuclei are present (nuclei of various isotopes of Ga, As, In etc.). Denoting the nuclear species with index α, the hf coupling for nucleus of species α located at site k is
where F (r k ) is the envelope function of the localized electron state, and A α is the coupling characteristic for a nucleus of a given atom embedded in a crystal lattice.
It is convenient to define an effective number N of nuclei appreciably coupled with the electron spin by
where u labels the primitive unit cells (and the envelope F (r) is assumed to be approximately constant inside each cell). As we will see in Sec. II B, an important role in the physics of spin-bath coupling is played by the quantity
where n α is the average number of nuclei of type α in the primitive unit cell. We can write the spin-bath coupling term as
where we have introduced the three components of the Overhauser field operator,
, and in the second expression we have separated the term related to thê h z longitudinal component from the transverse components appearing in the electron-nucleus flip-flop operator
In the next Section we will discuss the physical motivation for such a separation. The bath Hamiltonian is given bŷ
with ω k being the Zeeman splitting of the k-th nuclear spin, equal to one of ω α values depending on the kind of nucleus present at site k (we assume here that the magnetic field is uniform on the length scale of the size of the QD; for theoretical treatment of the case of nonuniform field see e.g. Ref. 49) . The second term is the internuclear dipolar interaction, which for typically used magnetic fields can be approximated by its secular form:
where b kl are dipolar couplings between the nuclei. Their exact form is irrelevant here: what matters is that they decay rather quickly with distance, and that they are very weak. In all the experiments on spin qubits b kl ≪ k B T , and also ω α ≪ k B T unless very high magnetic fields (B > 10 T) are used. This means that the equilibrium density matrix of the nuclei iŝ
where the statistical sum Z for a bath consisting of N nuclei of spin J is given by Z = (2J + 1) N . In some cases it is possible to treat the Overhauser field classically. The distribution of classical field h corresponding to the above density matrix is given by
where
where ... eq denotes averaging with respect to the nuclear density matrix from Eq. (7). The standard deviation σ h gives us the value of the typical effective Overhauser field felt by the electron spin interacting with a high-temperature nuclear bath.
Another consequence of weakness of inter-nuclear dipolar interaction is the slowness of intrinsic nuclear dynamics. In the presence of B field larger than the magnetic resonance linewidth of nuclei 82 [caused byĴ z iĴ z j interactions in Eq. (6) 
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In an experiment the cycle of initialization, evolution, and measurement of the states of the qubits is repeated many times in order to gather enough data to reconstruct the time-dependence the electron density matrix. Often the acquisition of these data takes time much longer than τ || , so that we can safely assume ergodicity of the nuclear dynamics. The measured signal corresponds then to averaging of the electron spin evolution over nuclear ensemble described byρ eq from Eq. (7). However, when singleshot readout methods are used, 85 the qubit dynamics (e.g. spin precession) can be measured on timescale order of magnitude shorter than τ || , but still much longer than τ ⊥ . The measurement of spin precession corresponds then to measurement of the full spin splitting, Ω + h z . Such a nuclear state is called the narrowed state, 27, [86] [87] [88] and various degrees of narrowing were experimentally obtained in QDs using various methods. [89] [90] [91] In the theoretical description 27, 29, 35, 39, 40, 43, 44 of such experiments one should use a nuclear density matrix corresponding to a fixed value of h z (or at least a narrowed spread of possible values).
We use the basis of bath states which are products of eigenstates of J z of individual nuclear spins, |χ = |J z 1 ...J z N whereĴ z k |χ = J z k |χ , and we define |χ(h z ) as a state corresponding to a given eigenvalue h z ofĥ z . On the timescale of interest the nuclear environment is treated as a finite one, so we can treat h z as a discrete variable, and the number of |χ(h z ) states correspoding to it is finite. A partially narrowed state can be written asρ
where phz ,σn (h z ) is a function peaked ath z having width σ n ≪ σ h , and the normalization constant Z = h z ,χ(h z ) phz ,σn (h z ). In the limit of perfect narrowing we have phz ,σn (h z ) = δhz ,h z . Note that lack of coherences between states in this basis is a consequence of realistic assumption that the measurements are averaged over timescale much larger than τ ⊥ .
In most cases there is no correlation between the states of the nuclear baths in the two QDs, and the total initial density matrix of the environment iŝ
C. Basics of decoherence due to interaction with the nuclear bath
Quasi-static bath and inhomogeneous broadening
From the above discussion it is clear that the nuclear bath belongs to a class of environments having slow fluctuations, leading to strongly non-Markovian features of qubits' coherence and entanglement dynamics. In fact, a reasonable zeroth-order approach to the problem of a freely evolving electron spin coupled to the nuclear bath is to treat the bath as static on the timescale of qubit dynamics. 18, 93, 94 In this quasi-static bath approximation (QSBA) decoherence occurs due to the averaging over various states of the environment, and the changes of these states occur between the repetitions of the cycle of qubit initialization-evolution-measurement.
For Ω ≫ σ h there is a well-defined quantization axis z, and the qubits initialized in superpositions ofŜ z eigenstates experience essentially pure dephasing process due to averaging of their precessions over a distribution of h z fields given by Eq. (8) . This leads to an inhomogeneously broadened decay of transverse spin components:
where T * 2 = √ 2/σ h is of the order of 10 ns in gated GaAs QDs. This decay is so fast that the dynamics of the bath, either intrinsic (due to dipolar interactions), or extrinsic (caused by interaction with the electron) can be neglected, making the calculation self-consistent. The same statement holds in the case of partially narrowed state obtained in Ref. 89 , where T * 2 ≈ 100 ns was obtained. The most recent experiments, 91 in which presumably partial narrowing led to T * 2 ≈ 1 µs, remain to be analyzed more carefully in this context.
Note that for Ω ≪ σ h the electron spin decay is incomplete within the QSBA, 24 and the description of S x,y,z (t) decay towards zero requires a theoretical approach which takes into account the detailed shape of the electron's wavefunction. 32, 33, 47, 48, 51 However, it is established 32 that the very low-field QSBA solution correctly describes the exact dynamics of the system on timescale of t T * 2 .
Looking beneath inhomogenous broadening -very high magnetic fields
There are two established methods of removing the inhomogenous broadening effect: the previously discussed creation of narrowed state of the nuclei, and the spin echo experiment. In the latter case each qubit is rotated by π about one of the in-plane (x or y) axes at the midpoint of the evolution (at time t/2), and the coherence signal experiences that a revival (an echo) at the measurement time t. The essence of the echo sequence is a complete removal of the influence of all the low-frequency (< 1/t) fluctuations of the h z field affecting the qubit's energy splitting.
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Both of these methods remove the influence of fluctuations of h z which have characteristic timescale much longer than the time of single evolution of the qubit, t. The decoherence is then caused either by faster fluctuations of h z , or by the influence of transverse Overhauser fields (i.e. by theV ff term from Eq. (4)). The latter effect is however diminishing with increasing Ω: due to the fact that Ω is about 1000 times larger than ω α , for Ω ≫ σ h (when the probability that the h z is compensating the external field is vanishing) theV ff operator can lead only to virtual higher-order transitions between the states of the system. In the semiclassical picture the influence of the transverse field |h ⊥ | ∼ σ h is strongly suppressed for Ω ≫ σ h , and this fields leads then only to precession frequency renormalization by ∼ h 2 ⊥ /2Ω and the tilt of quantization axis by angle ∼ h ⊥ /Ω. At large enough Ω these effects become irrelevant, and the high-field coherence is limited by the intrinsic dynamics of h z caused by dipolar interactions. 26, [29] [30] [31] The single-spin coherence decay can be described by taking into account the decohering influences of finite-size groups (clusters) of nuclear spins [29] [30] [31] 37 . These theories give
with γ = 4 and T 2 ≈ 10 − 50 µs (depending on the shape of the wavefunction 97 ) for GaAs in the NFID and echo. This pure dephasing process sets the limit for the coherence time of an electron interacting with the nuclear bath.
Looking beneath inhomogenous broadening -low and moderate magnetic fields
With decreasing Ω the role of theV ff term increases, and at some Ω (which is about 0.5 T in GaAs QDs when spin echo decay is considered 58 ) the influence of h ⊥ replaces the dipolar-induced fluctuations ofĥ z as the dominant source of decoherence. From multiple approaches 27, 29, 35, 36, [38] [39] [40] [41] [42] [43] [44] to this problem of purely hfinduced decoherence we choose the ones that are expected to work at these moderate B fields. Specifically, we concentrate on field regime in which the decay of either NFID or echo occurs at times t ≪ 1/A max , where A max is the maximal value of the hf coupling A k . In III-V QDs, for which there is a nuclear spin at every lattice site, and for which all the A α have similar values, we have 1/A max ≈ N/A ≈ 10 µs for N = 10
6 . For t ≪ 1/A max the time-energy uncertainty should make the exact shape of A k distribution irrelevant, allowing us to take all the A k couplings to be the same. If we can also restrict ourselves to regime of t ≪ min k,l [1/(ω k − ω l )] where ω k and ω l are Zeeman splittings of distinct nuclei (this condition is also easier to fulfill at low B), we can neglect the presence of mutliple nuclear species, and treat the nuclear bath as a large single spinĴ = N k=1Ĵ k . Such a uniform coupling (UC) model can be easily solved exactly both in the case of free evolution, inlcuding NFID 43 , and in the case of SE 41 for practically any N , and for any value of Ω, including Ω = 0. In the context of entanglement dynamics it is important that this method allows for calculation of all the components ofρ(t), since certain features of entanglement decay, for example the presence or absence of entanglement sudden death 98, 99 when one of the Bell states is considered, can be captured only with a theoretical approach that describes the changes of qubit's populations.
When dynamics on longer timescales is of interest, an approach which takes into account the presence of disctinct nuclear species and/or the inhomogeneity of hf couplings becomes necessary. This is especially true for the case of spin echo, in which the crucial role of presence of nuclear species with distinct ω k was predicted 38,39 and verified experimentally. 58 The theory used in these papers was based on employing an effective pure dephasing Hamiltonian derived in the second order with respect toV ff . A brief outline of this method is given below in Sec. III D.
III. EVOLUTION OF THE REDUCED DENSITY MATRIX
We make two basic assumptions here. The first is that of a lack of system-environment correlation at initial time, i.e. we take the initial total density matrix to beρ(0) ⊗ρ J (0), whereρ(0) is the initial density matrix of the qubits. The second is that there is no interaction between the two electron spins, and the two nuclear environments are well-separated, i.e. even if the two dots are close one to another, the overlap of the wavefunctions of the two electrons is negligible, so that there is no exchange coupling, and each nuclear spin appreciably coupled to the electrons can be assigned to only one of the two baths. Formally, the total Hamiltonian of the system can be written asĤ A ⊗ 1 B + 1 A ⊗Ĥ B , whereĤ Q is the Hamiltonian of the electron and the nuclei in dot Q.
A. General formalism in the case of free evolution An important property ofĤ Q consisting both of the Hamiltonian of isotropic hf interaction from Eq. (1), and the intra-bath dipolar interaction from Eq. (6), is the conservation law
We introduce operators Π m,σ =P σσΠm , whereP σσ ′ = |σ σ ′ | for σ = σ ′ is projecting on subspace of given electron spin S z = σ/2 (where σ = ±1), andΠ m is projecting on subspace of fixed total z component of the nuclei, i.e. the subspace of states |χ m fulfilling kĴ z k |χ m = m |χ m . The the evolution operatorÛ Q (t) ≡ exp(−iĤ Q t) (note that we put = 1) fulfills
(17) This means that evolution starting from a state in the {σ, m} subspace leads to states located either in this subspace, or in the {σ, m + σ/2} subspace (withσ ≡ −σ). This property allows for an exact solution 25 in the case of fully polarized bath (and any distribution of A k couplings), but it is also useful in the general case.
A general formula for the evolution of the two-qubit density matrix is
Let us start with a rather general density matrix of the environmentρ J : the one from Eq. (12) but additionally with p(h
, i.e. we consider now a very broad class of possibly correlated environmental states. Using the fact that Π mQρJ Π nQ ∝ δ mQnQ , and Eq. (17) we arrive at
We can see how the constraints on the nuclear density matrix discussed in Sec. II B and the conservation law (16) reduce the number of R evolution functions which are needed for description of two-qubit dynamics.
For uncorrelated baths from Eq. (11) we can express the R functions defined above using the functions describing the evolution of a single qubit interacting with its bath.
100,101 The evolution of qubit Q is given by:
where K Q σξ,ξ ′ σ ′ (t) encapsulates the influence of the environment on the evolution of the reduced density matrix of qubit Q. The above representation 75,100,101 is of course closely related to the operator-sum (Kraus) representation of evolution ofρ Q , but it is much more convenient to use when the number of relevant Kraus operators is large (as it is the case here). The K functions have the following structure:
with
where the time dependence of K a,b (t) andÛ (t) has been suppressed. The evolution ofρ Q (t) is thus given by
where we see that the dynamics of coherences (ρ +− = ρ * −+ ) is decoupled from the dynamics of the populations (ρ ++ and ρ −− ). This was first noted in Ref. 27 . Furthermore, from ρ ++ +ρ −− = 1 we have K
In an analogous way we derive the expression for time evolution of the two-qubit reduced density matrix in the case of uncorrelated baths: (27) and using Eq. Using the above formulas we obtain the diagonal elements of the two-qubit density matrix, (28) where the time-dependence of K A,B (t) functions has been suppressed for clarity of notation. For off-diagonal elements corresponding to coherences between the states differing by a single spin-flip, we have
and for coherences between the states differing by two spin flips we have
A simple calculation shows that the electron spin structure of Eqs. (28)- (30) holds also in the general case described by Eqs. (18) and (20) , in which the interbath correlations are allowed. This has an important consequence for entanglement dynamics. Below we consider initial states of the qubits described by a density matrix diagonal in the basis of Bell states. This matrix in the product basis |σ A σ B has nonzero populations, and nonzero coherences between the states differing by two spin flips (nonzero values only on the diagonal and the anti-diagonal, i.e. it is of the X form). From the above equations of motion we see that this X form is preserved at all times.
B. General formalism in the spin echo case
Since the spin echo protocol leads by itself to removal of inhomogeneous broadening, there is little incentive to consider narrowed bath states, and we focus now on thermal and uncorrelated baths.
In the protocol, a π pulse (taken as a perfect pulse along the x axis here) is applied to each qubit at time t/2. The evolution operatorÛ i in Eq. (21) is then given byÛ
and the K i (t) functions derived using the above operator describe the evolution of the two-qubit density matrix from the initial state to the final state at time t, at which the coherence revival is expected to be maximal. With these functions we can calculate the t-dependence (i.e. the dependence on the total echo sequence time) of the reduced density matrix of the qubits. Alternatively, in order to visualize how the echo signal appears as the time of final measurement is varied, we can use the evolution operator
and investigate the dependence of the reduced density matrix on τ 1 and τ 2 . Of course we expect to see a partial recovery of the signal for τ 1 ≈ τ 2 . Depending on the way in which we want to look at the results of the echo protocol, we obtain K σξ,ξ ′ σ ′ functions with either t (the total time of sequence with π pulse at t/2) or τ 1 and τ 2 as their arguments. The structure of the functions is the same in both cases. However, it is richer than the structure of K(t) functions discussed previously for the free evolution case. Now we have
where we have definedÛ
Note that the structure ofρ(t) is now more complicated that in the case of free evolution. The diagonal element ρ σξ,σξ (t) still depends only on the initial values of all the diagonal elements, (38) but the behavior of coherences is different. The coherences between the states differing by a single spin flip depend now on the initial values of all the coherences of this kind, and the same holds for the coherences between the states differing by two spin flips -but the two groups of coherences are mutually independent. As we will see below, the decay of entanglement of Bell states is determined by dynamics of occupations and two-spin-flip coherence, so we give here the formula for the latter:
Although the exact dynamics is more complicated than in the free evolution case, a state initialized in an X form again retains this structure throughout the evolution.
C. Approximation schemes for evolution functions at lowest magnetic fields: uniform coupling approach
In order to make use of the above schemes of calculation of the two-qubit density matrix, we have to choose an approximate method of calculation of K(t) functions (or R(t) functions in the case of correlated baths). At lowest magnetic fields we will use the uniform coupling (UC) approach, in which all A k couplings are assumed to be the same, all equal to A/N . Furthermore, we assume that all the nuclei have the same Zeeman splitting ω, so that we consider a single nuclear macrospinĴ = N k=1Ĵ k . As discussed in Sec. II C 3, this approximation is expected to be justified at low fields, at which the coherence decays
When we replace the nuclear operators by a collective angular momentum operatorĴ, we can work in the basis of nuclear Dicke states |ζ, j, m , for whichĴ 2 |ζ, j, m = j(j + 1) |ζ, j, m andĴ z |ζ, j, m = m |ζ, j, m , and where ζ is the quantum number accounting for many ways in which N spins can be added to a total spin j. The Hamiltonian for a single dot
is then coupling only pairs of states: e −iĤUCt |σ; ζ, j, m = a jmσ (t) |σ; ζ, j, m
without leaving the subspace of fixed J and ζ. As explained in Sec. II B, the nuclear density matrix is diagonal in the basis of eigenstates ofĴ z , so that it can be written asρ
where p m are the appropriate weights (i.e. p m = 1 for the thermal state and p m = δ m,m0 for narrowed state), and Z is the statistical sum. Since the Hamiltonian is diagonal in ζ quantum numbers, the summation over them can be performed at this point:
where n j is the degeneracy of subspace with given j (see Appendix A). With the above nuclear density matrix, using Eq. (41) and the results given in the previous Section, we arrive at evolution functions in the case of free evolution:
The calculation for the case of correlated baths described by a density matrix from Eq. (12), in which in the UC approximation we have h
where the time-dependence of a and b functions, and the superscripts Q = A, B have been suppressed for clarity. The structure of Eq. (20) is of course reproduced here.
As mentioned before, in the echo case we focus on the case of uncorrelated thermal baths. Defining a
j,m,σ (τ k ) (with k = 1 ,2), we have the single-qubit evolution functions:
where ∆t = τ 1 + τ 2 , and the peak of the echo signal is obtained for τ 1 = τ 2 = t/2. The full formulas for a jmσ and b jmσ functions are given in Appendix A. For the qualitative discussion here we only need to note that for qubit splitting Ω ≪ σ h we have |a jmσ | ≈ 1 and |b jmσ | ∝ σ h /Ω. Thus, at large fields, all the K i functions containing at least one b function are suppressed. This simply means that at large Ω the nuclear bath leads to pure dephasing of the qubit: only the K +− a functions, describing the decay of coherences which are nonzero in the initial state, are relevant then. This observation is of course general, in the UC approximation we simply can give closed formulas for the K i functions.
D. Effective Hamiltonian theory at moderate magnetic fields
As mentioned in Sec. II C 3, with increasing Ω the timescale t at which coherence (and entanglement) is substantial becomes longer, and the conditions for t used in the previous Section might not be fulfilled. The case of spin echo in QDs with mutliple nuclear species is of special importance here, since nontrivial echo dynamics occurs then for t > min k,l [1/(ω k − ω l )] while t ≪ N/A is still fulfilled. 39, 42, 58 For unpolarized bath both NFID and echo can be then treated with theory 38,39 using a second-order (inV ff ) effective Hamiltoniañ
which can be applicable when Ω ≫ σ h . Using this pure dephasing approximation it is possible to use diagrammatic linked cluster expansion, and to perfom a resummation of the so-called ring diagrams to derive a closed formulas for K σσ a (t) (which is the only nontrivial evolution function in this case). Using various degrees of coarsegraining of distribution of hf couplings, one can see that for t ≪ N/A, in this approach we can indeed assume all the A k to be equal. The result for NFID obtained in this way agrees 43 with the UC calculation for Ω ≫ σ h (only the small-asmplitude oscillations of K σσ a (t) are missing, see below). More importantly, for spin echo, for t ≪ N/A this approach gives an analytical expression for coherence decay, 38,39 which agrees with experiments on GaAs quantum dots performed in the relevant B range. 58 The details of this Ring Diagram Theory (RDT) are given in Ref. 39 (see also an alternative derivation for the echo case in Ref. 42 , where the semiclassical nature of the solution is discussed).
IV. QUANTIFICATION OF ENTANGLEMENT OF TWO SPINS
We assume that the two qubits are intialized in one of Bell states, |Φ ± = (|↑↑ ± |↓↓ )/ √ 2 or |Ψ ± = (|↑↓ ± |↓↑ )/ √ 2, or in a mixed Werner state:
where p ∈ [0, 1] can be interpeted as probability that the entangled |Ψ − state was indeed prepared. This state represents the simplest example of imperfectly prepared entangled (for p > 1/3) state of two qubits. We will also see that under the influence of the nuclear bath, a Bell state evolves into a Werner-like state (with additionally decreased coherence) at long times. Due to the interaction with the environment, even if the initialized two-electron state was pure, the reduced density matrix of the electron spins becomes mixed as time progresses. In order to quantify the amount of entanglement in a mixed state of two qubits, many measures can be adopted. 23, 102 The most commonly used one is concurrence, 65 C(t) = C(ρ(t)) ∈ [0, 1] (where 0 means that the state is separable, and 1 means that the state is maximally entangled), which is given by
where λ i are eigenvalues ofρ(t)(σ y ⊗σ y )ρ * (t)(σ y ⊗σ y ) sorted in descending order. According to discussion from Secs. III A and III B, a state initially having the X form (e.g. one of the Bell states, or the Werner state) maintains this form during the evolution, so it is useful to note that for X-states we have:
where ρ ij are the matrix elements (in the standard |σ A σ B basis) ofρ(t) (for a basis-independent expression for C(t) involving expectation values of spherical tensor operators see Ref. 104 ). Let us note now that when considering the initial Bell state at very high magnetic fields, at which only pure dephasing occurs, we simply have C(t) = 2|ρ ab (t)|, where ρ ab (t) is the initially nonzero coherence. In the considered here case of uncoupled qubits the calculation of entanglement decay amounts then to multiplication of known high-field results for single-qubit decoherence. In the calculations presented in this paper we thus focus mostly on low and moderate B fields, at which C(t) exhibits features not present in single-qubit coherence decay.
Comparing the theoretical predictions for C(t) with experiment requires performing a full tomographic reconstruction ofρ(t) (see e.g. Ref. 14 for experimental example with DQDs, and Ref. 105 for theoretical proposal of tomography scheme for DQDs taking into account the limitations specific to experiments on gated QDs). Since the two-qubit tomography requires at least 15 different measurement settings, simpler ways to quantify entanglement (even if they apply only to certain kinds of entangled states) are clearly of interest. For example, entanglement witnesses 67 are observables which have negative expectation value only when the state is entangled. Note that not every entangled state is detected by a given witness, and in fact the most natural construction of a witness begins with assuming certain form of a mixed entangled state that one aims to detect. 66 For electrically controlled DQDs the projection on a singlet state,P S , is a natural two-qubit measurement operator, 1 and consequently we have a witnessŵ S ≡ 1/2 −P S . It should be notet that a decay of an entangled two-spin singlet state in a DQD was monitored through observation of P S (t) in the first paper on coherent control of singlet-triplet qubit.
6 Witnesses corresponding to other Bell states can be obtained by first subjecting the two qubits to gate operations converting a given Bell state into a singlet.
The presence of a specific kind of entanglement can also be verified by using the given state to perform a certain task and achieving a result which is proven to be impossible to obtain using separable states. For two qubits, a natural example of such a task is quantum teleportation. [68] [69] [70] [71] With an entangled stateρ AB of spins A and B (located in possibly distant QDs) established, and with a third dot C located close to dot A (in order to allow for two-qubit operations on A and C), a quantum state of spin C can be imprinted on spin B with the use of two-qubit gate on A and C, and with single-qubit operations and projective measurements. We assume that a Bell states of spins A and B is initialized, and then at a later time t a pure state |φ C is created, and teleportation protocol is carried out on timescale negligible compared to timescales of qubits' dynamics. Assuming that all the gate operations are error-free, the fidelity of the state teleported at time t:
is determined by the density matrixρ AB (t) at the moment of teleportation. The key observation 106, 107 is that the fidelity averaged over all |φ C states,F (t), cannot exceed 2/3 for separableρ AB (t), and consequently observation ofF > 2/3 is a proof of entanglement of spins A and B. This procedure of entanglement verification becomes practical when one realizes that instead of averaging over all the |φ C states, it is in fact enough to average over six mutually unbiased basis states, 71,108 e.g. |±X , |±Y , |±Z states.
V. ENTANGLEMENT DYNAMICS DUE TO COUPLING TO THERMAL AND PARTIALLY NARROWED BATHS
When the experimental situation corresponds to averaging of free evolution of qubits over the thermal equilibrium (or partially narrowed) nuclear density matrices, we can, as discussed in Sec. II C, use the QSBA as long as we do not consider evolution times much longer than T * 2 . This means that we can simply use the UC approach from Sec. III C. The UC solution for free evolution of a spin interacting with a thermal nuclear bath is well known, 32,109 and we include it for the sake of completeness in Appendix A, where closed expressions for K For magnetic fields corresponding to Ω ≫ σ h , the decoherence has mostly the character of pure dephasing: as shown in Appendix A, at times t T * 2,Q (where Q labels the A and B qubits) we have 59), and the dimensionless Zeeman splitting isΩ = ΩT * 2 . The result for Ω = ∞ (which in fact is a value large enough for the changes in C(t) upon increasing it to be invisible in the Figure) is the same as the result of calculation using the pure dephasing approximation from Eq. which is a result that can be easily derived by completely neglecting theV ff operator and performing a Gaussian average over static h z fields. 24 The K 
see Appendix A for derivation. Using Eq. (54) we immediately see that at high fields for Bell states we have C(t) ≈ 2|ρ ab (t)| (where ρ ab (t) is the nonzero coherence present in a given Bell state) up to ESD time t D at which |ρ ab | = √ ρ cc ρ dd :
where the two-dot T * 2 time is given by 1
In order to obtain t D we have to look at the diagonal elements ofρ(t) which initially were equal to zero. Using Eqs. (28) and (57) and assuming (without any loss of generality) that the initial state was |Φ ± , we have
where we assumed Ω A = Ω B . The same equation holds for ρ 33 (t), and solving for |ρ 14 
we obtain
We see now that if we introduce dimensionless qubit splittingΩ ≡ ΩT * 2 , and dimensionless timet ≡ t/T * 2 , the expressions for both the concurrence and the ESD time become
Above discussion suggests that this universality is expected atΩ ≫ 1, but the numerical calculations withing the UC model show that it holds at all magnetic fields, with N ≫ 1 being the only requirement. In Fig. 1 we present the results for C(t) atΩ = 0, 5, and ∞ (in practice a value large enough so that increasing it does not change the result in a visible manner), calculated using either symmetric (N A = N B ) or strongly asymmetric (N A = 2N B ) dots. While only the large-Ω result is in quantitative agreement with Eq. (62), the fact that C(t) depends only onΩ is true for anyΩ. As shown in Fig. 1 , forΩ 1 the concurrence has an oscillatory component which related to oscillations of K σ b functions with frequency ∼ Ω (and their appreciable amplitude at such low fields), which lead to oscillations of the diagonal elements of the two-qubit density matrix. It is also worth noting that at these low fields the sudden death is a visible effect, i.e. there is an appreciable discontinuity of derivative of C(t) at the time at which the concurrence becomes zero. The dependence oft D onΩ is shown in the inset of Fig. 1 . The results for C(t) and t D (Ω) in the thermal bath case were previously obtained in Ref. 75 , where it was suggested that a measurement of t D can be used for sensing of small magnetic fields, while in Refs. 110 and 111 their possible significance for the operation of chemical magnetometers was discussed. Here we have shown thatt D = t D /T * 2 is a function ofΩ = ΩT * 2 only. With this insight it is clear that any pair of QDs (even two dots of very different sizes) can be used for that purpose. The high-field measurement of C(t) decay allows for calibration of units (i.e. it gives the value of T * 2 ), and thent D is uniquely related toΩ.
It should be noted that in recent experiments
13 on DQDs, in order to separately adress each of the qubits (i.e. perform the single-qubit unitary operations using a.c. magnetic field), the qubits were exposed to a magnetic field gradient, resulting in Ω A being slightly different from Ω B . Writing Ω A = Ω and Ω B = (1 + η)Ω, with η ≪ 1, we can repeat the above derivation, and obtain the first-order correction to formula (63), which we write ast D ≈t 0 + δt with 
which at large fields,Ω ≫ 2 p/(1 − p), gives anΩ-independent result,t D,W ≈ ln 2p/(1 − p), visible in the inset of Fig. 1 (see also Ref. 112 for an analogous result obtained for superconducting qubits exposed to 1/f phase noise). Finally, let us underline the basic features of the mixed ρ(t) state. The main effect of the nuclear bath is the dephasing of coherences, and the secondary effect at finite magnetic field is a partial redistribution of populations. For an initial Bell state this redistribution increases both initially zero populations by the same amount, and the resultingρ(t) state is a Werner-like state: the initial coherence is suppressed, while a fraction of 1 state is admixed. This is a general feature of hf-induced dynamics of two-qubit density matrix, which holds for results presented in subsequent sections.
VI. ENTANGLEMENT DYNAMICS DUE TO COUPLING TO NUCLEAR BATHS IN A STRONGLY NARROWED STATE
Now we focus on baths in a strongly narrowed state of the nuclear baths, described either by Eqs. (10) and (11) for uncorrelated baths, or by Eq. (12) for correlated baths in a DQD. These two cases are considered in Secs. VI A and VI B, respectively. The fluctuations of h z Q are assumed to be constrained to such a degree that the dephasing due to averaging over a quasi-static spread of h z A,B becomes irrelevant, and other processes (related to averaging over transverse components of Overhauser fields) have to be taken into account. We thus take σ n (the width of relevant distribution of h
to be so small that the timescale of 1/σ n is much longer than the timescales of decay obtained in what follows.
A. Each bath narrowed separately
The calculation of free evolution is performed exactly as in the previous Section, only with the K a,b evolution functions calculated assuming a narrowed state in each of the QDs (see Appendix A). For the discussion of the main features of the results we use approximate expressions, valid for Ω Q ≫ σ Q , where Ω Q = Ω + h z Q is the total spin splitting in the dot Q (note that spin splitting due to the external B field is again assumed to be the same in both QDs). For Ω Q ≫ σ h and on timescales discussed in Appendix A, for h z Q = 0 we obtain the smooth coherence decay
The characteristic decay time τ Q depends now on Ω Q , since the influence of transverse Overhauser fields diminishes with increasing qubit splitting. These results were also obtained using the RDT, 38, 39 and they can also be derived by performing a classical average over the transverse components of the Overhauser field. 18, 46 The derivation of this approximate formula from the exact UC solution was sketched in Ref. 43 .
For finite bath polarization and for t ≪ N Q /A we have saw-tooth pattern ofΩ dependence of the final ESD time, shown in Fig. 3 .
Following the line of reasoning given in the previous Section, we can also derive approximate analytical formulas for ESD time at large magnetic fields. Since their exact forms are much less compact than previously, we only note that at large B field we have t D ∝ B 2 for the initial state being one of the Bell states, and t D ∝ B p/(1 − p) for the initial state being a Werner state. These asymptotic formulas are confirmed by numerical results shown in Fig. 3 .
Finally, let us comment on the fact that in the Figures we are still using the "universal" units ofΩ and t introduced in the previous Section. A quick look at the formulas for K σσ a given above shows than in the fully narrowed case we cannot expect the results for all pairs of dots (e.g. having N A = N B ) to collapse on the same curve when using these units. However, we still use them, in order to allow for easy comparison with the results shown previously (and in order to underline the coherence-enhancing effect brought by nuclear bath narrowing). Note also that at short times (when C(t) ≈ 1), (taken as the same for both spins).
for Ω A = Ω B we have C(t) ≈ 1 − 2t 2 /Ω 2 . At longer times, no universality of results for dots with T * When using the state of baths described by Eq. (12), the first thing worth noticing is the major difference in decoherence of |Φ ± and |Ψ ± states in this situation. For the former, the averaging over quasi-static values of h related pure-dephasing noise.
The above observations are illustrated in Fig. 4 , where calculations of concurrence obtained in the UC approach using Eqs. (18) and (46) for all the Bell states are shown for ∆h z = 0. The entanglement of |Φ ± states decays as in Fig. 1 , while the overall shape of C(t) dependence for |Ψ ± states is in fact very similar to the one from Fig. 2 .
The relation between the correlated bath results and the case of uncorrelated baths can be most easily understood when Ω ≫ σ h . Then, up to the ESD time, the concurrence for Bell states is approximately proportional to the relevant coherence, which can be related to functions K Q,σσ a,pQ (where p Q ∈ [−1, 1] is the polarization of the dot Q) describing single-spin coherence decay. With |Ψ ± states as example, using Eq. (13), and defining ∆p = p A − p B = ∆h z /AJ, we have
where the K Q,σσ a,pQ are the single-dot dephasing functions, i.e. the relevant two-spin coherence is an appropriately weighted average over results of calculations assuming uncorrelated baths. The qualitative properties of this expression are most easily seen in the UC approximation. Using the notation from Eqs. (12) and (13) have Z Q (p Q ) ≡ jQ≥|JNQpQ| n jQ and
The behavior of the expression (70) is then determined by the fact that according to an approximate formula (A11) the degeneracy factors n jQ decrease very rapidly with j Q for j Q ≫ N Q /2. Consequently, the weights from Eq. (71) are maximized when
. This is illustrated in Fig. 6 , where w(m A ) with m A = p A N A J is plotted. While the narrowed bath states corresponding to these p min Q have dominant influence on the coherence decay, in Eq. (70) we still sum over a set of states with p Q close to these values. This summation leads to averaging out (on timescale of ∼ T * 2 ) of fast oscillations of the NFID coherence signal discussed previously. Consequently, the best approximation for the coherence (and entanglement) decay is given by
where K Q,σσ a,pQ are the oscillation-free functions from Eq. (68) . Note also that while the simplicity of this derivation relied on assuming that the relevant m Q ≫ N Q /2, it is easy to check that for ∆p = 0 Eq. (70) is dominated by m Q N Q , so that we can approximate the decay function by a product of two zero-polarization single-dot K 
VII. ENTANGLEMENT ECHO
Spin echo protocol leads to a very efficient recovery of single-qubit coherence 6, 56, 58 because of quasi-static nature of dephasing caused by a thermal bath. For electron spins in gated QDs, it is now well established that at low B fields (when the time scale of t < N/A is of interest) the dynamics of the echo signal is caused by nuclear Larmor precession, and the presence of distinct nuclear species with ω α = ω β is crucial 38, 39, 41, 42, 58 for times larger than 1/ω αβ (where ω αβ ≡ ω α − ω β ).
The same degree of efficiency is expected when we apply the echo procedure to two entangled qubits, especially when Ω ≫ σ h , so that the influence of the nuclear baths amounts to pure dephasing. For a single spin, the echo is refocusing the coherence of superpositions ofŜ z with π pulse about x or y axis -both these pulses lead to exchange of amplitudes between |+ and |− states.
115
The recovery of coherence of superpositions of two-qubit states can be done in two distinct ways. When dealing with |Ψ ± Bell states, we can recover the ρ +−,−+ coherence by using the two-qubit SWAP gate, and this method was in fact used to protect the |Ψ − state in a DQD.
6,58
This method is inefficient for |Φ ± states, which are invariant under the SWAP operation. One can however try to recover the coherence of any of the Bell states by simultaneous application of π x/y pulses to the two qubits. 14, 15, 116 This operation works in complete analogy to the single qubit echo: for every Bell state, the π pulses are exchanging the amplitudes of the two relevant states.
The fact that the simultaneous application of two single-qubit (i.e. local) operations can lead to recovery of entanglement is quite intuitive when the interaction is approximately of pure dephasing kind and the bath is slowsuch an echo procedure was recently used in experiments on entanglement of spin qubits.
14,15 At first sight one could raise an objection that an application of two local operations at time τ 1 = t/2, when no entanglement might be present among the two qubits (see Fig. 8 ), leads to appearance of large entanglement at later time, apparently violating the paradigm that local operations and classical communication (LOCC) cannot increase the amount of entanglement. 23, 60, 102 However, one has to remember that the LOCC paradigm rests on assumption that the two-qubit evolution is described by a completely positive (CP) map. For two qubits interacting with a quasi-static pure dephasing bath, only the evolution starting from the point in time when the qubits are uncorrelated with the baths, is in fact CP. The evolution from τ 1 = t/2 onward is not CP, because the states of the qubits and the environments at this time are correlated (see Ref. 117 and references therein, and Ref. 118 for a discussion focused on the case of echo), and this correlation is in fact the reason for diminished entanglement between the qubits at this moment. Taking the time of initialization of twoqubit state as a reference point, the echo procedure does not result in any increase of entanglement.
We focus then on the two-qubit echo performed with synchronized single-qubit π rotations. First let us look at the regime of lowest magnetic fields, Ω Q σ h , and focus on time scale of t ≪ 1/ω αβ on which we can disregard the existence of distinct ω α splittings of various nuclear species. We can then use the single-species UC approach to spin echo signal from Secs. III B and III C. In Fig. 8 we show the time-dependence of concurrence in a "realtime" version of echo protocol: for τ 1 < 4T * 2 we show the free evolution decay of entanglement, and for later times we show the evolution of C(t/2 + τ 2 ) after application of π pulses at τ 1 = 4T * 2 . For large enoughΩ at τ 2 ≈ 4T * 2 we obtain a partial entanglement recovery. While the twoqubit coherence is always partially recovered at the echo time (see the inset of Fig. 8 ), the nonzero entanglement reappears only aboveΩ ≈ 1. This should not be surprising: forΩ < 1 the diagonal elements of the two-qubit density matrix are strongly perturbed, and partial recovery of coherence might not be enough for entanglement revival to occur (note that according to Eq. (54) for such a revival to happen the echoed coherence needs to fulfill |ρ ab | > √ ρ cc ρ dd , where ρ cc and ρ dd are the occupations created by bath-induced qubit dynamics).
In Fig. 9 we present a more customary plot of dependence of peak echo amplitude on the total sequence timet. In an effectively homo-nuclear system at higher fields the entanglement exhibits initial partial visibility loss of amplitude ∝ 1/Ω 2 forΩ ≫ 1, and then it stays constant. If the nuclear bath was really homo-nuclear, then at longer times a small-amplitude oscillation of C(t) with frequency ω would appear, as in the single-spin echo case. 41 Then the entanglement would decay towards zero at much longer times due to dipolar-induced bath dynamics causing dephasing, as described in Sec. II C 2. This is the well-known effect of echo sequence removing almost all the influence of transverse Overhauser fields on qubits' coherence when dealing with a homo-nuclear bath.
29,41
In a III-V QDs the presence of multiple nuclear species completely changes 38, 39, 42, 58 the echo signal for t > 1/ω αβ . Then, assuming only t ≪ N/A, we can use the RDT (see Sec. III D) to calculate the coherence dynamics due to presence of multiple nuclear species (each uniformly coupled to the electron). We take the single-qubit K σσ a (t) function from Refs. 38, 39, and 42:
where a α ≡ 2 3 J α (J α + 1). Using these functions for realistic parameters of GaAs quantum dots with N A = N B = 10
6 we obtain results for concurrence dynamics of Bell and Werner states shown in Fig. 10 . Since the RDT is based on pure dephasing approximation, for an initial Bell state there is no ESD, and apparent vanishing of entanglement (see the line corresponding to the lowest B field) is simply related to C(t) becoming very small (but strictly speaking nonzero) for some periods of time. On the other hand, when a Werner state is initialized, at low enough B fields we see events of entanglement death and revival (and also a diminished maximal value of entanglement at times of nearly-perfect returns of the signal).
VIII. PROJECTION ON A SINGLET AND AVERAGE TELEPORTATION FIDELITY AS WITNESSES OF DECAYING ENTANGLEMENT
We finally revisit the other methods of veryfying the existence, and quantifying the amount of entanglement, which were introduced in Sec. IV: the measurement of an entanglement witness related to projection on one of the Bell states (say a singlet, |Ψ − ) and the measurement of average quantum teleportation fidelity.
The effectiveness of both of these methods relies on having some prior knowledge of the character of the mixed entangled stateρ(t) at the time of employing them. Let us then summarize what we have learned about the general form ofρ(t), assuming that one of Bell states was initialized. The X form of the state is preserved and furthermore only the initially nonzero coherence remains finite when free evolution is considered (in the case of spin echo this statement is only approximately true, since the second coherence is in fact generated during the evolu- tion, but its magnitude is suppressed as 1/Ω 2 at large fields). Initially zero occupations become finite, of magnitude ∝ 1/Ω 2 , and their values are approximately equal. The initially nonzero coherence is of course decaying due to the dominantly pure-dephasing influence of the bath. As a result, the stateρ(t) is a Werner-like state with ), and γ(t) is a possibly nontrivial phase. The latter feature has not received any attention until now, because the concurrence of the above state depends only on the modulus of ρ 23 (t). In the above example, for a thermal bath state and for the case of free evolution we have γ(t) = (Ω A − Ω B )t, so that a nontrivial phase appears when the two dots are in a magnetic field gradient. In the case of narrowed baths, apart from the fact that h z Q contribute now to Ω Q , we have a more nontrivial effect. Even for h z Q = 0 and no magnetic field gradient, due to the presence of the phase term in Eq. (66) we have γ(t) = arctan(t/τ A ) − arctan(t/τ B ), where τ Q given in Eq. (67) depends on the bath size N Q , leading to nontrivial phase dynamics in the case of non-identical QDs. Analogous considerations for initial |Φ ± state give us γ(t) = Ω A +Ω B , so that a fast phase dynamics is always present for these states at finite magnetic field. Note that γ = 0 when two-spin echo protocol is employed.
For γ = 0, the witness proposed in Sec. IV,ŵ S = 1 −P S , is in fact an optimal one, 66 since it always detects entanglement. In fact it is trivial to check that ŵ S = − 1 2 C(t). In the following we will focus on the expectation value P S (t) = Tr[ρ(t)P S ] remembering that P S (t) > 1/2 signifies entanglement. However, for γ(t) = 0, P S (t) < 1/2 does not mean that the state is separable. We have P S (t) = |ρ 23 (t)| cos γ(t) + (p(t) + 1)/4, while C(t) = max[2|ρ 23 (t)| − (1 − p(t))/2, 0].
A similar situation arises when using average quantum teleportation fidelity as an entanglement witness. With the state initialized as |Ψ − we perform the teleportation protocol designed to work perfectly whenρ corresponds to a pure state |Ψ − , and assuming only thatρ(t) is of the X form we obtain the fidelity of teleportation of qubit C in state α|+ + β|− : 
Using now the A and B qubits described by density matrixρ(t) from Eq. (74) we obtain F α,β (t) = −2p(t)|αβ| 2 + 4|αβ| 2 |ρ 23 (t)| cos γ(t) + 1 + p(t) 2 .
Note that the fidelity teleportation of basis states, |+ and |− , does not depend on the presence of coherence, and it is simply equal to (1 + p)/2. When the initialized , projection on a |Φ+ Bell state, P |Φ+ (t) and average fidelity of teleportation F (t) for two electron spins initially being in |Φ+ state for the case of interaction with two separate nuclear spin baths in thermal states calculated using the UC approach forΩ = 10.
state is a Werner state, measuring the fidelity of teleportation of one of the basis states immediately after the initialization gives us the value of p.
The fidelity averaged over the teleported states is
When γ = 0, we haveF (t) = C(t)/3 + 2/3, so that when F = 2/3 theρ(t) state becomes separable. For nonzero γ(t) the average fidelity oscillates between 1/3 and 1. Note thatF < 1/2 means that the teleported state is anticorrelated with the desired state, which is a clear sign of using the wrong assumption about theρ(t) state (i.e. using a wrong teleportation protocol). The time-dependence of both P S (t) andF (t) in the case of γ = 0 is shown for thermal and narrowed bath states in Figs. 11 and 12 , respectively. It is clear that these quantities contain the same information as the concurrence. Note that the result for P S (t) from Fig. 11 corresponds to moderate magnetic field (Ω = 5), so that it lies between the limits ofΩ ≪ 1 andΩ ≫ 1 investigated experimentally and theoretically in Ref. 6 .
An example of the effects of γ(t) = 0 is shown in Fig. 13 , in which the entanglement decay of |Φ + state is shown. The calculations of P |Φ+ (t) andF (t) obtained with the teleportation protocol assuming that |Φ + state is the entangled resource, are analogous to the ones given above for |Ψ − state. Both of these quatities are exhibiting oscillations, and only after fitting an envelope to these signals one can obtain the amount of entanglement at given time. Of course, when γ(t) is known, one can either employ an experimental procedure which results in projection on (or teleportation with) a "correct" state, but with this knowledge one can more easily obtain the smooth decay curves by post-processing of the data.
IX. CONCLUSION
We have presented calculations of nuclear bathinduced entanglement dynamics of two uncoupled quantum dot spin qubits initialized in a Bell-diagonal state. We considered various experimentally relevant states of the bath (including a correlated narrowed state corresponding to a well-defined difference of h z components of Overhauser fields in the two dots), for the cases of free evolution of the qubits and of the two-qubit spin echo, focusing on low and moderately-low magnetic fields, for which the bath can affect the z component of the electron spin. The main results of the analysis presented in this paper are the following. The influence of the bath (especially at magnetic field B larger than the typical Overhauser field) can be approximately described as leading to the two-qubit state becoming Werner-like, i.e. becoming a mixture of an initial Bell state subjected to pure dephasing, and a completely mixed density matrix with weight ∝ 1/B 2 . The latter dynamically generated admixture leads to appearance of entanglement sudden death at finite time (and possible revival at a later time) when initial Bell state is considered. For a correlated narrowed state of two baths, we have shown that due to the structure of the phase space of the nuclear bath (for which the number of states corresponding to a given bath polarization rapidly diminished with increasing polarization) the two-spin dynamics can be calculated assuming an effectively uncorrelated state of the two baths, with specific polarizations assigned to each of them. Entanglement can be recovered using a two-spin echo procedure, 14, 15 in which local operations (π pulses) applied to two qubits lead to refocusing of the two-qubit coherence, and revival of entanglement. This procedure fails at lowest magnetic fields (smaller and comparable to the typical Overhauser field), at which the refocusing of coherence cannot turn the Werner-like separable state into an entangled one. Finally, we have shown that hyperfine-induced entanglement decay of Bell states can be detected and quantified without performing the two-qubit tomography. The entanglement (measured by concurrence) can be faithfully reconstructed from a measurement of a simple entanglement witness (related to projection on the initial entangled state), and from the measurement of average quantum teleportation fidelity.
where Z is the normalization factor, p m is the probability that the nuclear bath is in a state with given m, and n j are the degeneracies of subspaces with given j. For a thermal high-temperature bath of nuclear spins J we have Z = (2J + 1) N and p m = 1, while for fully narrowed nuclear state with h z = m 0 A/N we have p m = δ m,m0 and Z = j≥|m0| n j .
The degeneracy factor n j is given for J = 1/2 by 
where in the second expression we have assumed N ≫ 1 and j ≪ N/2. When the bath is in a high-temperature thermal state, for Ω ≫ σ h ∼ A/ √ N we have
where Ω mσ = Ω − ω + A(m + σ/2)/N ≈ Ω. The last approximation follows from observation that according to Eq. (A11) the sum in Eqs. (A8-A9) is dominated by terms with j √ N , which also limits the relevant values of m. We also approximate
where the second term can be dropped on timescale t ≪ Ω/σ (A14) where we used the fact that the sum over j and m values can be approximated 24 by an integral P (m)dm with P (m) ∝ exp(−m 2 /2σ
